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Pregledni rad 
Sažetak: U članku je provedena analiza rebrastih ploča uz pomoć numeričke i analitičke metode graničnih elemenata. 
Naveden je detaljni redoslijed rješenja problema, te je riješen konkretni primjer. 
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Review article 
Abstract: Article is dedicated to analysis of ribbed slabs using the numerical and analytical boundary element method. 
Program realization of problem solution if performed. Test example of calculation is given. 
 






Ribbed slabs are widely applicable in many branches 
of industry: civil engineering, mechanical engineering, 
aviation, shipbuilding etc. It is an advanced type of ceiling 
in the civil engineering – coffered ceilings, which can be 
described as plate supported with system of crossed beam-
ribs, which are located in the bottom. In this construction, 
concrete is removed from the tensile region of cross-
section. There are retained only ribs in which tensile 
reinforcement is placed. As a result, the considerable 
material economy can be achieved beside ceilings with 
solid cross-section.  On the other hand, overlapping bays 
can be increased significantly. 
Classical methods of structural mechanics (work 
method or deflection method) and numerical methods are 
generally used for analysis of such systems. The most 
common method is the finite element method [1, 2]. 
Application of numerical and analytical boundary element 
method (NA BEM) is highly efficient [3-5]. 
 
 
2. MAIN SECTION 
 
Let us look at the fragment of coffered ceiling as 
shown in the figure 1. 
The main idea of proposed approach consists in 
following. Construction parts with ribs parallel to axis ox 
(call this direction lateral), are considered as a smooth 
plates with thickness h1 = h + hrib and width b = brib, where 
h - plate thickness, hrib, brib - rib cross-sections dimensions 
(which are not necessarilly the same). 
For this modules (module is a unit of sampling in 
BEM) the theory of smooth plates analysis,  
 
Figure 1. Fragment of coffered ceiling 
 
stated in [3, 4], with according expression of fundamental 
functions, Green's function and load vector is valid. In the 
figure 2 such modules are indicated with even numbers. 
Other modules (odd numbers in the figure 2)  are 
represented as plates supported with ribs in longitudinal 
direction, i.e. parallel to axis oy. 
 
Figure 2. System discretization to one-dimensional 
modules 
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Let us take a closer look at NA BEM application to 
these modules. 
Differential equation of plate bending flexure in this 




























where W = W(x,y) – plate deflection; q̅ = q̅(x,y) – free 
term of an equation, which takes into account not only 
external loads, but also presence of support ribs in 
longitudinal direction, as shown in figure 3. 
We apply for (1) the Kantorovich-Vlasov method, i.e. 













Figure 3. Plate with a rib in longitudinal direction 
 
Truncate the series (2) to one term and take deflection 
variation only in y direction. It is equal to assume the 
design model as the plate with infinite number of degree 
of freedom in one direction and one degree of freedom in 
another direction. Then plate median surface point 
deflection will be: 
 
).()(),( xXyWyxW   (3) 
 
The function of lateral distribution of deflections X(x) 
should be selected so that it most accurately describes the 
shape of plate swept surface in the direction of axis x. 
Beam bending flexure curves, which have the same with 
plate conditions of support in the direction of axis x, fully 
satisfies this requirement. 
There are two ways to select deflections function X(x) 
– static and dynamic. In static method, the beam deflection 
is defined by applied static load. 
In this case X1(x) will be: 
 
   
 














































































Applied load should be so that symmetric and skew 
symmetric forms of deflection curves sequentially 
alternates. 
In dynamic method, beam natural mode shapes define 
its deflections. 
In this case X1(x), for example, will be: 
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Load q̅ = q̅(x,y) has the most general view in the case 
that supporting ribs has both solid and thin-walled cross-
section: 
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where EIx, EIω, EIk – rib stiffness at flexure and torque; 
 k1 – factor, which depends on cross-section shape; 
 ai – coordinate of i-rib location. 
k1 = 1.2 for rectangle cross-section. Factor k1 is defined 






























ExdASdAEyzB .;)( 2  
Delta function δ(x-ai) and its derivative δ'(x-ai) are 
used in (4) when rib is very narrow-width and can be 
considered as a line; in other case rib existence is 
considered by difference of Heaviside unit functions. 
Let us return to the equation (3). We substitute it into 
(1) and into known from the plate flexure theory 
expressions of static parameters (bending moments and 
adjusted shear forces). Multiplying both sides of each 
expression by X(x) and integrating in limits [0; l1], we will 
get Cauchy problem for one-dimensional model of 
rectangle plate, supported with longitudinal ribs, flexure: 
 




yWsyWryW IV  422
 (5) 
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;2 ABr  ;
4 ACs 




































































IV dxxXxXC  
(10) 
 
Differential equation (5) by its structure is similar to 
the equation, that describes flexure of plates without rib 
supports, but form of expressions (7)-(9) argues that in (5) 
ribs parameters are taken into account. With reference to 
realization of boundary element method algorithm it 
means, that rib parameters will be taken into account in 
fundamental functions expressions. 
Kinematic and static parameters for supported plate 
will be in general the same as for the plate without ribs, 
but in numerical expression they will be different. Because 
deflection W(y), contained in following equations, will 
differ from deflection of according „smooth“ plate. 
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(11
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where θx(x,y), θy(x,y) – normals angles of deflection in 
direction of axes x and y; Mx(x,y), My(x,y) – bending 
moments; Hx(x,y), Hy(x,y) – torque moments; Vx(x,y), 
Vy(x,y) – shear forces. 
Factors (7)-(10) values are calculated in program 
Scilab [8] and are shown in table 1 (in condition that 
stiffness rib dimensions are bxh = 0.1 x 0.1 m). 
 
 




A̅ B̅ C̅ 
 
4,7510773e+00 -1,27447255e+01 518,5521 
 
3,9617707e+00 -1,05574402e+01 237,3516 
 
3,0717246e+00 3,49815534e+00 22,9401 
 1,9218750e+00 -4,9348022e+00 48,7045 
 
Cauchy problem solving (5)-(6) could be expressed 
accordingly to the algorithm of boundary element method  
 
 yDW  
= 
A11 A12 -A13 -A14 
x  
 yD  A21 A22 -A23 -A24 
 yM  -A31 -A32 A33 A34 












   dq  (16) 
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Thus at Kantorovich-Vlasov method application, 
solution of main differential equation is reducing to 
defining of deflection (4), where function X(x) is given and 
function W(y)is defining from (16) in the form: 
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Solution of equation (5) depend on roots of according 








Fundamental function form is defining by r and s 
relation, which depend on boundary conditions on 
longitudinal edges of plate and stiffness ribs parameters. 
Herewith there should be six cases: 
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but now ;1 ychryФ  ;2 chryФ  ;3 shryФ   
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In this case in expansion 
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Thus full solution of the problem consists of six 
variants of roots of according characteristics equation; 
there are formulated six systems of fundamental 
orthonormalized functions (total number of 96) for them, 
Green's function is generated, six variants of load vector 
are formulated. 
Program realization of developed algorithms is 
performed in software package Scilab. Ability of 
boundary conditions variation, rib number and their cross-
section dimensions change, character of external load 
variation is foreseen. 
Here on the figure 4 as a test example we show the 
calculation results of uniformly loaded on all area ribbed 
slab fragment with rigid restraint on all contour. 
Deflection and bending moment at the center of 
construction are calculated. Calculation results are shown 
in the table 2, where values of deflection and bending 
moment at the center of plate calculated with finite 
element method in program ANSYS [8] are shown too. 
 
 
Figure 4. Test example 
 
Table 2. Comparison of results, obtained by two 
methods 
Value NA BEM FEM, ANSYS Inaccuracy, % 




0.922e-02 0,884е-02 4.12 
 
As we can see, boundary element method shows 
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